, r ∈ {5, 7}. We give explicit conditions on the values (q, a) for which f is a permutation polynomials of F q 2 .
Introduction
A polynomial f ∈ F q [x] is called a permutation polynomial (PP) if the mapping x → f (x) induces a permutation on F q . Permutation polynomials taking simple algebraic forms are particularly interesting. While permutation monomials are quite obvious, the situation for permutation binomials is not as well understood. As a result much research has been concerned with finding, classifying and understanding permutation binomials. The main results of the present paper are the following theorems.
. Then f is a PP of F q 2 iff one of the following occurs:
(1) q = 2 4k+2 and a q+1 5 = 1 is a fifth root of unity (2) q = 3 2 and a 2 is a root of (1 + x)(1 + x 2 )(2 + x + x 2 )(2 + 2x + x 2 )(1 + x + x 2 + x 4 )(1 + x 2 + x 3 + x 4 )(1 + 2x + x 2 + 2x 3 + x 4 ) (3) q = 19 and a 4 is a root of (1 + x)(2 + x)(3 + x)(4 + x)(5 + x)(9 + x)(10 + x)(13 + x)(17 + x)(16 + 3x + x 2 )(1 + 4x + x 2 )(6 + 18x + x 2 ) (4) q = 29 and a 6 ∈ {15, 18, 22, 23} (5) q = 7 2 and a 10 is a root of (1 + 4x + x 2 ) (6) q = 59 and a 12 is a root of (4 + x)(55 + x)(x 2 + 36) (7) q = 2 6 and a 13 is a root of
(1) q = 13 and a 2 is a root of (1+x)(2+x)(3+x)(4+x)(5+x)(6+x)(7+x)(8+ x)(9 + x)(10 + x)(11 + x)(12 + x + x 2 )(9 + 2x + x 2 )(10 + 3x + x 2 )(9 + 4x +
3 and a 4 is a root of (2
6 is a root of (9 + x)(10 + x)(26 + x)(30 + x)(32 + x)(34 + x)(35 + x)(37 + x)(39 + 2x + x 2 )(1 + 14x + x 2 )(20
It is worth noting the polynomial f in Theorems 1.1 and 1.2 can be written as f = xh(x q−1 ), where h(x) = a + x r . Zieve [5] considered polynomials of this type and under the assumption a ∈ F q 2 is a (q+1)st root of unity Theorem 1.1 (1) follows from [5, Cor 5.3] . The approach of this paper is quite different from that of [5] , as no restrictions are placed on the nature of a ∈ F q 2 . We employ a method similar to that of [1, 2] and expand the sum x∈F q 2 f (x) s . Surprisingly, considering only a few values of s give explicit results. In [3] permutation binomials of the form f = ax + x 3q−2 were completely characterized. The present paper extends this result to polynomials of the form f = ax + x 5q−4 and f = ax + x 7q−6 . We conclude with a conjecture regarding the behavior of f = ax + x r(q−1)+1 for odd primes r.
Computations
Let f = ax + x 5q−4 ∈ F * q 2 [x] and let 0 ≤ α, β ≤ q − 1. We compute
It is clear the inner sum is 0 unless α + βq ≡ ( mod q − 1), thus α + β = q − 1.
With 0 ≤ α ≤ q − 1 and
where
Now Hermite's criterion implies f is a PP of F q 2 if and only if 0 is the only root of f in F q 2 and In either case we have a contradiction. Now suppose q ≥ 8. In this case notice Γ(q, 0) = {−4(q + 1), −3(q + 1), −2(q + 1), −(q + 1)}.
So again by (2.6) we have
otherwise .
* is nonzero which contradicts (2.6). Thus if f is a PP of F q 2 we must have q + 1 ≡ 0 (mod 5).
Remark 2.3. Assume q + 1 ≡ 0 (mod 5) and α > 0. The previous lemma together with (2.5) imply the sum Λ(q, α, 0) is empty unless α + 1 ≡ 0 (mod 5).
Proof. Since q ≥ 4α + 8 we have
Using (2.5) we see
Between the second and third line we use Proof. We may assume α+1 ≡ 0 (mod 5). Since Γ(q, α) in contained in the interval [4α + 4 − 5q, 4α − 1] which has length 5(q − 1) we must have 4 ≤ |Γ(q, α)| ≤ 5. Suppose 4 = |Γ(q, α)|. Choose k so {(k − 3)(q + 1), (k − 2)(q + 1), (k − 1)(q + 1), k(q + 1)} = Γ(q, α). Note q ≥ 6 and α > 0 force k ∈ {0, 1, 2, 3}. We have the following inequalities
Since a ≤ q − 1 and 0 ≤ k ≤ 3, taking the difference of the inequalities in (2.8) reveals k = 0 which gives α = q−3
Lemma 2.6. Assume q + 1 ≡ 0 (mod 5) and y := a q+1 5 = 1 is a 5th root of unity. Then for 1 ≤ α ≤ q − 1 we have
Proof. We may assume α + 1 ≡ 0 (mod 5). First suppose α = If y = 1 is a fifth root of unity then Lemma 2.6 implies q must be even. Thus q = 2 4k+2 and we have case (i). Now suppose 1 + y + y 2 + y 3 + y 4 = 0. The sum in the RHS of Lemma 2.4 is a polynomial in v(= y −1 ) and can be easily computed for small values of α with the help of a computer algebra system. For a few values of α we find
The polynomials g α are given in the appendix. Write R(p 1 , p 2 ) for the resultant of polynomials
Thus if q ≥ 64 we must have p (= charF q 2 ) ∈ {2, 3}. Since q + 1 ≡ 0 (mod 5) there are only a few prime powers q < 64 with p (= charF q 2 ) = 2, 3.
• When q = 19, a computer search results in case (iii)
• When q = 29, a computer search results in case (iv)
• When q = 49, a computer search results in case (v)
• When q = 59, a computer search results in case (vi)
When p = 2 we have GCD(g 4 , g 24 ) = x thus q < 104. Since q + 1 ≡ 0 (mod 5) and q > 4 we only need to consider q = 64. A computer search results in case (vii).
When p = 3 we have GCD(g 4 , g 9 ) = 1 thus q < 44. Again since q + 1 ≡ 0 (mod 5) we only need to consider q = 9. A computer search results in case (ii). Theorem 1.2 is proved using a similar method which leads us to the following conjecture. is not an r − th root of unity; we conjecture there are only finitely many values (q, a) for which
is a permutation polynomial of F q 2 . 
Appendix
g 4 (x) =
